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Recently we have established that the Riemann hypothesis (RH) is equivalent to the 
non-negativity of “generalized Li’s sums”  
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non-trivial Riemann function zeroes for any real b not equal to -½, see Ukrainian 
Math. J., 66, 371-383, 2014; arXiv:1304.7895. (Famous Li’s criterion corresponds to 
the case b=0 (or b=1) here). This makes timely detailed studies of these sums, and in 
particular also the study of their asymptotic for large n. This question, assuming the 
truth of RH, is answered in the present Note. We show that on RH, for large enough 
n, for any real 2/1b  one has: 
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where   is Euler – Mascheroni constant. 
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Introduction.  
Recently, in Ref. [1] we have established the generalized Bombieri – 
Lagarias’ theorem (see [2] for their original theorem) and the generalized 
Li’s criterion of the truth of the Riemann hypothesis concerning the location 
of non-trivial zeroes of the Riemann zeta-function (see [3] for the original 
Li’s criterion, and see e.g. [4] for standard definitions and discussion of the 
general properties of the Riemann zeta-function): 
Theorem 1. (Generalized Bombieri – Lagarias’ theorem). Let a and 
  are arbitrary real numbers, a , and R be a multiset of complex 
numbers   such that 
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(a)  Re  for every  ; 
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If at the same conditions a  is taken, the point (a) is to be changed 
 to 
(a’)  Re   for every  , 
points (b), (c) remain unchanged.  
If, additionally to the aforementioned conditions, also the following 
takes place: 
(iii) If R , than R  with the same multiplicity as   
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one can omit the operation of taking the real part in (b), (c), the expressions 
at question are real. (Here, as usual,   means a complex conjugate of  ). 
Theorem 2. (Generalized Li’s criterion). Let a is an arbitrary real 
number, a , and R be a multiset of complex numbers   such that 
(i) Ra2 , Ra  
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(iii) If R , than  R 2   
Then the following conditions are equivalent  
(a)  Re  for every  ; 
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If, additionally to the aforementioned conditions, also the following 
takes place: 
(iv) If R , than complex conjugate R  with the same 
multiplicity as   
one can omit the operation of taking the real part in (b), (c), the expressions 
at question are real. 
 Then, applying the generalized Littlewood theorem about contour 
integrals of logarithm of an analytical function (see [1, 5-7]), we have 
established the following equality: for real a<1/2  
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and for real a>1/2 
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As follows from Theorem 2, on RH these sums should be non-negative for 
any real a and any integer n, so we have proven the following, see [1]: 
 Theorem 3.  Riemann hypothesis is equivalent to the non-negativity 
of all derivatives aznn
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integers n and any real a<1/2; correspondingly, it is equivalent also to the 
non-positivity of all derivatives aznn
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Thus to judge the truth of the Riemann hypothesis, certain derivatives 
of the Riemann xi-function can be estimated at an arbitrary point of the real 
axis except the point z=1/2, not only at the point z=1 (or 0) as this was 
initially formulated by Li [3]. In particular, this can be done far to the right 
from the point z=1, where Riemann zeta-function and its logarithm are 
defined by absolutely convergent series [4]: 
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(in (2) we have a sum over primes or use the van Mandgoldt function). This 
circumstance holds promise to elucidate certain properties of the Riemann 
function zeroes, and all this make timely the detailed studies of the 
generalized Li’s sums )
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function zeroes, and in particular also the study of their asymptotic for large 
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n (which means also the study of asymptotic of corresponding derivatives, 
see eqs. (1)). This question, assuming the truth of RH, is answered in the 
present Note. 
 
2. Asymptotic of the generalized Li’s sums and corresponding 
derivatives assuming the Riemann Hypothesis 
Let us now calculate asymptotic of the sums 
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where   is Euler – Mascheroni constant. 
Proof.  Proof is a straightforward generalization of the method presented in 
Coffey paper [8] (see also [9]). Let us first put 2/1b . Using iT 2/1 , 
we write for an argument   of the function 
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found from (5): 
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The case b<-1/2 is quite similar with changes of signs whenever appropriate, 
and in this manner we recover the equation (12).  
 
Remark1. Following [8, 9], the sum (derivative) at question can be 
rewritten, using )(cossinsin 1   nUn , where Uk is the k-th Chebyshev 
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polynomial of the second kind [11], in a rather elegant form 
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quite naturally appear in some applications of the Chebyshev polynomials; 
see e. g. example N 7.347.2 of GR book [10]. 
Remark 2. Note Coffey’s suggestion that o(n) terms in the formula (4) for 
b=0 are of the order of )( 2/1 nO  for any 0 . Similar property may be 
suggested for the general case treated here. 
Remark 3. It would be interesting to consider an asymptotic, again on RH, 
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to return to this question in the future. 
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